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We develop a model based on a multiple scattering theory to describe the diffusion of polarized
light in disordered media exhibiting short-range structural correlations. Starting from exact expres-
sions of the average field and the field spatial correlation function, we derive a radiative transfer
equation for the polarization-resolved specific intensity that is valid for weak disorder and we solve
it analytically in the diffusion limit. A decomposition of the specific intensity in terms of polar-
ization eigenmodes reveals how structural correlations, represented via the standard anisotropic
scattering parameter g, affect the diffusion of polarized light. More specifically, we find that prop-
agation through each polarization eigenchannel is described by its own transport mean free path
that depends on g in a specific and non-trivial way.
I. INTRODUCTION
Electromagnetic waves propagating in disordered me-
dia are progressively scrambled by refractive index fluctu-
ations and, thanks to interference, result into mesoscopic
phenomena, such as speckle correlations and weak local-
ization [1, 2]. Polarization is an essential characteristic
of electromagnetic waves that, considering the ubiquity
of scattering processes in science, prompted the develop-
ment of research in statistical optics [3, 4] and impacted
many applications, from optical imaging in biological tis-
sues [5] to material spectroscopy (e.g., rough surfaces) [6],
and radiation transport in turbulent atmospheres [7, 8].
Although the topic has experienced numerous develop-
ments and outcomes in the past decades, recent studies
have revealed that much remains to be explored and un-
derstood on the relation between the microscopic struc-
ture of scattering media and the polarization properties
of the scattered field. In particular, it was found that
important information about the morphology of a dis-
ordered medium is contained in the three-dimensional
(3D) polarized speckles produced in the near-field above
its surface [9–11] and in the spontaneous emission prop-
erties of a light source in the bulk [12, 13]. Similarly,
the light scattered by random ensembles of large spheres
was shown to exhibit unusual polarization features due
to the interplay between the various multipolar scatterer
resonances [14].
The fact that light transport is affected by the micro-
scopic structural properties of disordered media is well
known. Structural correlations, coming from the finite
scatterer size or from the specific morphology of porous
materials [15–17], typically translate into an anisotropic
phase function, p(cos θ), which describes the angular re-
sponse of a single scattering event with the scattering an-
gle θ. The average cosine of the phase function, known
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as the anisotropic scattering factor, g = 〈cos θ〉 (with
−1 ≤ g ≤ 1), then leads to the standard definition of
the transport mean free path (the average distance af-
ter which the direction of light propagation is completely
randomized) as ℓ∗ = ℓ/(1− g), where ℓ is the scattering
mean free path (the average distance between two scat-
tering events). Single scattering anisotropy naturally af-
fects how the polarization diffuses in disordered media,
one of the most notable findings being that circularly
polarized light propagates on longer distances compared
to linearly polarized light in disordered media exhibiting
forward single scattering (g > 0) —the so-called “circular
polarization memory effect” [18–20].
Recent observations in mesoscopic optics also motivate
deeper investigations on polarized light transport in cor-
related disordered media. Indeed, numerical simulations
revealed that uncorrelated ensembles of point scatterers
cannot exhibit 3D Anderson localization due to the vec-
tor nature of light [21, 22]. By contrast, it was found that
the interplay between short-range structural correlations
and scatterer resonances could yield the opening of a 3D
photonic gap in disordered systems [23, 24] and promote
localization phenomena at its edges [25]. To date, the
respective role of polarization and structural correlations
on mesoscopic optical phenomena remains largely to be
clarified.
Theoretically describing the propagation of polarized
light in disordered media exhibiting structural correla-
tions is a difficult task. A first approach consists in using
the vector radiative transfer equation [26–28], in which
electromagnetic waves are described via the Stokes pa-
rameters and the scattering and absorption processes are
related via energy conservation arguments. The vari-
ous incident polarizations (linear, circular) and the single
scattering anisotropy are explicitly implemented, thereby
allowing for the investigation of a wide range of prob-
lems [29, 30]. A second approach relies on a transfer ma-
trix formalism based on a scattering sequence picture,
where each scattering event (possibly anisotropic) yields
2a partial redistribution of the light polarization along var-
ious directions [31–33]. The approach is phenomenologi-
cal, yet very intuitive, making it possible to gain impor-
tant physical insight into mesoscopic phenomena such as
coherent backscattering [31].
The most ab-initio approach to wave propagation and
mesoscopic phenomena in disordered systems is the so-
called multiple scattering theory, which directly stems
from Maxwell’s equations and relies on perturbative ex-
pansions on the scattering potential [1, 2]. The formal-
ism is often used to investigate mesoscopic phenomena,
such as short and long-range (field and intensity) cor-
relations or coherent backscattering, in a large variety
of complex (linear or nonlinear) media, including disor-
dered dielectrics and atomic clouds. Unfortunately, it
also rapidly gains in complexity when the vector nature
of light is considered. In fact, multiple scattering theory
for polarized light has so far been restricted to uncorre-
lated disordered media only [34–40].
In this article, we present a model based on multi-
ple scattering theory that describes how the diffusion
of polarized light is affected by short-range structural
correlations, thereby generalizing previous models lim-
ited to uncorrelated disorder. We do not aim at devel-
oping a complete theory for polarization-related meso-
scopic phenomena in correlated disordered media but
at showing that, by a series of well-controlled approxi-
mations, important steps towards this objective can be
made. Starting from the (exact) Dyson and the Bethe-
Salpeter equations for the average field and the field cor-
relation function, we derive a radiative transfer equation
for the polarization-resolved specific intensity in the limit
of short-range structural correlations and weak scatter-
ing. To analyze the impact of short-range structural cor-
relations on the diffusion of polarization, we then ap-
ply a P1 approximation and decompose the polarization-
resolved energy density into “polarization eigenmodes”,
as was done previously for uncorrelated disordered me-
dia [36, 39, 40]. An interesting outcome of this decompo-
sition is the observation that each polarization eigenmode
is affected independently and differently by short-range
structural correlations. More precisely, each mode is
characterized by a specific transport mean free path, and
thus a specific attenuation length (describing the depo-
larization process) for its intensity. The transport mean
free path of each eigenmode depends non-trivially on the
anisotropy factor g, and differently from the (1 − g)−1
rescaling well known for the diffusion of scalar waves.
The paper is organized as follows. The radiative trans-
fer equation for polarized light is derived ab-initio in
Sect. II. The diffusion limit and the eigenmode decom-
position are applied in Sect. III. In Sect. IV, we discuss
the model and the results deduced from it, paying special
attention to the consistency of the approximations that
have been made. Our conclusions are given in Sect. V.
Technical details about the average Green’s function, the
range of validity of the short-range structural correlation
approximation, and the particular case of uncorrelated
disorder, are presented in Appendices A–C, respectively.
II. RADIATIVE TRANSFER FOR POLARIZED
LIGHT
A. Spatial field correlation
We consider a disordered medium described by a real
dielectric function of the form ǫ(r) = 1 + δǫ(r), where
δǫ(r) is the fluctuating part with the statistical properties
〈δǫ(r)〉 = 0, 〈δǫ(r)δǫ(r′)〉 = uf(r− r′) (1)
where 〈. . .〉 indicates ensemble averaging. The func-
tion f(r − r′) describes the structural correlation of the
medium and u is an amplitude whose expression will be
derived below. We assume that the medium is statis-
tically isotropic and invariant by translation. Consid-
ering a monochromatic wave with free-space wavevector
k0 = ω/c = 2π/λ, ω being the frequency, λ the wave-
length and c the speed of light in vacuum, the electric
field E satisfies the vector propagation equation
∇×∇×E(r)− k20ǫ(r)E(r) = iµ0ωj(r), (2)
where the current density j(r) describes a source distribu-
tion in the disordered medium. Introducting the dyadic
Green’s function Gik, the ith component of the electric
field reads
Ei(r) = iµ0ω
∫
Gik(r, r
′)jk(r
′)dr′, (3)
where implicit summation of repeated indices is as-
sumed. The spatial correlation function of the electric
field
〈
Ei(r)E
⋆
j (r
′)
〉
obeys the Bethe-Salpeter equation
〈
Ei(r)E
⋆
j (r
′)
〉
= 〈Ei(r)〉
〈
E⋆j (r
′)
〉
+ k40
∫
〈Gim(r− r1)〉
〈
G⋆jn(r
′ − r′1)
〉
× Γmnrs(r1, r′1, r2, r′2) 〈Er(r2)E⋆s (r′2)〉 dr1dr′1dr2dr′2
(4)
that can be derived from diagrammatic calculations [1, 2].
In this expression the superscript ⋆ denotes complex con-
jugation, and Γmnrs is the four-point irreducible vertex
that describes all possible scattering sequences between
four points. In Eq. (4), the first term in the right-hand
side corresponds to the ballistic intensity, that is attenu-
ated due to scattering at the scale of the scattering mean
free path ℓ, and the second term describes the multiple-
scattering process. Note that at this level, Eq. (4) is an
exact closed-form equation.
It is also interesting to remark that the field correla-
tion function
〈
Ei(r)E
⋆
j (r
′)
〉
is one of the key quantities
in statistical optics (where it is usually denoted by cross-
spectral density matrix), since it encompasses the polar-
ization and coherence properties of fluctuating fields in
3the frequency domain [3, 4]. The study of light fluctu-
ations in 3D multiple scattering media has stimulated a
revisiting of the concepts of degree of polarization and
coherence [41–45], initially defined for 2D paraxial fields.
To proceed further, we assume weak disorder, such
that the scattering mean free path ℓ is much larger than
the wavelength (k0ℓ ≫ 1). In this regime, only the two
diagrams for which the field and its complex conjugate
follow the same trajectories (the so-called ladder and
most-crossed diagrams) contribute to the average inten-
sity. The ladder diagrams are the root of radiative trans-
port theory, that describes the transport of intensity as
an incoherent process. The most-crossed diagrams are
responsible for weak localization and coherent backscat-
tering. In the ladder approximation and assuming in-
dependent scattering, the four-point irreducible vertex
reduces to
Γmnrs(r1, r
′
1, r2, r
′
2)
= 〈δǫ(r1)δǫ(r′1)〉 δ(r1 − r2)δ(r′1 − r′2)δmrδns
= uf(r1 − r′1)δ(r1 − r2)δ(r′1 − r′2)δmrδns,
(5)
yielding
〈
Ei(r)E
⋆
j (r
′)
〉
= 〈Ei(r)〉
〈
E⋆j (r
′)
〉
+ uk40
∫
〈Gim(r− r1)〉
〈
G⋆jn(r
′ − r′1)
〉
× f(r1 − r′1) 〈Em(r1)E⋆n(r′1)〉 dr1dr′1. (6)
We consider the source to be a point electric dipole lo-
cated at r0, such that
jk(r) = −iωpkδ(r − r0), (7)
where pk is the dipole moment along direction k. Equa-
tion (3) simplifies into Ei(r) = µ0ω
2Gik(r − r0)pk and
the Bethe-Salpeter equation (6) can be rewritten in terms
of the dyadic Green’s function in the form
〈
Gik(r − r0)G⋆jl(r′ − r0)
〉
= 〈Gik(r− r0)〉
〈
G⋆jl(r
′ − r0)
〉
+ uk40
∫
〈Gim(r− r1)〉
〈
G⋆jn(r
′ − r′1)
〉
f(r1 − r′1)
× 〈Gmk(r1 − r0)G⋆nl(r′1 − r0)〉 dr1dr′1. (8)
Using the change of variables r− r0 = R+X/2 and r′−
r0 = R −X/2, and transforming Eq. (8) into reciprocal
space, with K and q the reciprocal variables of R and X
respectively, we finally obtain
〈
Gik
(
q+
K
2
)
G⋆jl
(
q− K
2
)〉
=
〈
Gik
(
q+
K
2
)〉〈
G⋆jl
(
q− K
2
)〉
+ uk40
〈
Gim
(
q+
K
2
)〉〈
G⋆jn
(
q− K
2
)〉
×
∫
f(q− q′)
〈
Gmk
(
q′ +
K
2
)
G⋆nl
(
q′ − K
2
)〉
dq′
8π3
. (9)
A direct resolution of Eq. (9) is possible for f(q−q′) = 1,
and this approach was used in Ref. [40] to study the co-
herence and polarization properties of light in an uncor-
related disordered medium. In the case of a medium with
structural correlations, a direct resolution is out of reach
and we need to follow a different strategy.
B. From field correlation to radiative transfer
In this section we derive a radiative transfer equation
for polarized light. We proceed by evaluating the average
Green’s tensor 〈G〉, that obeys the Dyson equation [1].
In its most general form, it reads [46]
〈G(q)〉 = [k20I− q2P(qˆ)−Σ(q)]−1 , (10)
with I the unit tensor, P(qˆ) = I − qˆ ⊗ qˆ the transverse
projection operator, qˆ = q/q and q = |q|. Σ(q) is the
self-energy, which contains the sum over all multiple scat-
tering events that cannot be factorized in the averaging
process. As shown in Appendix A, for arbitrary struc-
tural correlations, Σ(q) is non-scalar. The problem can
be simplified by assuming short-range structural correla-
tions, in which case Σ(q) = Σ(q)I. The average Green’s
tensor can then be written as
〈G(q)〉 = 〈G(q)〉
(
I− q⊗ q
k20 − Σ(q)
)
, (11)
with 〈G(q)〉 = [k20 − q2 − Σ(q)]−1 the scalar Green’s
function. In a dilute medium, the scattering events are
assumed to take place on large distances compared to
the wavelength (near-field interactions between scatter-
ers can be neglected). In this case, the average Green’s
4tensor 〈G(q)〉 can be reduced to its transverse compo-
nent [47], yielding
〈G(q)〉 ≃ 〈G(q)〉P(qˆ). (12)
After some simple algebra, the first term in the right-
hand side in Eq. (9) can be written as〈
Gik
(
q+
K
2
)〉〈
G⋆jl
(
q− K
2
)〉
= MikM
′
jl
〈G(q+K/2)〉 − 〈G⋆(q−K/2)〉
2q ·K+Σ(q+K/2)− Σ⋆(q −K/2) , (13)
where we have defined the polarization factors Mik =
δik − (qi + Ki/2)(qk + Kk/2)/|q + K/2|2 and M ′jl =
δjl − (qj − Kj/2)(ql − Kl/2)/|q − K/2|2. In a dilute
medium, we can assume that |K| ≪ |q|. This means
that there are two different space scales in the correla-
tion function of Green’s tensor: A short scale associated
to q and corresponding to the dependence on direction of
the specific intensity that we will introduce in Eq. (18),
and a large scale associated to K and corresponding to
the dependence of the specific intensity on position. This
leads to〈
Gik
(
q+
K
2
)〉〈
G⋆jl
(
q− K
2
)〉
= (δik − qˆiqˆk)(δjl − qˆj qˆl) 〈G(q)〉 − 〈G
⋆(q)〉
2q ·K+ 2i Im[Σ(q)] . (14)
The self-energy Σ(q) renormalizes the propagation con-
stant in the medium by defining a complex effective per-
mittivity ǫeff = 1− Σ(q)/k20 . The real part of Σ yields a
change in the phase velocity, and the imaginary an atten-
uation of the field amplitude due to scattering. Hence,
we can write
〈G(q)〉 = 1
k20 Re[ǫeff]− q2 + ik20 Im[ǫeff]
. (15)
Since Im[ǫeff] ≪ Re[ǫeff] in a dilute medium, we can
rewrite Eq. (15) using the identity
lim
ε→0
1
x− x0 − iε = PV
[
1
x− x0
]
− iπδ(x− x0), (16)
where PV stands for principal value. Defining qe =
k0
√
Re[ǫeff] as an effective wavevector, Eq. (14) becomes〈
Gik
(
q+
K
2
)〉〈
G⋆jl
(
q− K
2
)〉
= (δik − qˆiqˆk)(δjl − qˆj qˆl) πδ(q
2
e − q2)
iq ·K− Im[Σ(q)] . (17)
In order to derive a radiative transfer equation, we then
introduce the quantity Lijkl by the relation〈
Gik
(
q+
K
2
)
G⋆jl
(
q− K
2
)〉
=
4π2
qe
δ(q2e − q2)Lijkl(K, qeqˆ). (18)
Here, we assume that the correlation function of Green’s
tensor propagates on shell, i.e. with a wavevector q =
qe. The impact of the on-shell approximation, which is
the key step to solve the Bethe-Salpeter equation in the
presence of structural correlations, will be discussed in
Sec. IV. From Eqs. (17) and (18), we can rewrite the
Bethe-Salpeter equation (9) in the form
4π2
qe
δ(q2e − q2)Lijkl(K, qeqˆ)
=
πδ(q2e − q2)
iq ·K− Im[Σ(q)]
[
(δik − qˆiqˆk)(δjl − qˆj qˆl)
+ uk40(δim − qˆiqˆm)(δjn − qˆj qˆn)
×4π
2
qe
∫
f(q− q′)δ(q2e − q′2)Lmnkl(K, qeqˆ′)
dq′
8π3
]
.
(19)
Integrating both sides of the equation over q, performing
the integral on the right-hand side over q′, and using the
relation
∫
∞
0 f(r)δ(r
2 − r20)r2dr = r0f(r = r0rˆ)/2, we
obtain
Lijkl(K, qeqˆ)
=
qe
4π
1
iqeqˆ ·K− Im[Σ(qeqˆ)]
[
(δik − qˆiqˆk)(δjl − qˆj qˆl)
+
uk40
4π
(δim − qˆiqˆm)(δjn − qˆj qˆn)
×
∫
f(qe(qˆ− qˆ′))Lmnkl(K, qeqˆ′)dqˆ′
]
. (20)
The quantity Lijkl(K, qeqˆ) is proportional to the specific
intensity introduced in radiative transfer theory [26], and
has the meaning of a local and directional radiative flux.
Actually, Eq. (20) can be cast in the form of a radiative
transfer equation, as we will now show.
Since the disordered medium is statistically isotropic
and translational-invariant, the correlation function f
only depends on |qˆ − qˆ′|, or equivalently on qˆ · qˆ′. It
is directly related to the classical phase function p(qˆ · qˆ′)
of radiative transfer theory as
f(qe|qˆ− qˆ′|) = Ap(qˆ · qˆ′), (21)
where A is a constant whose value is determined by en-
ergy conservation, and
∫
p(qˆ · qˆ′)dqˆ = 4π. To order
(k0ℓ)
−1 and for short-range structural correlations, one
has Im[Σ(qeqˆ)] = −qe/ℓ and u = 6π/k40ℓ (these results
are derived in Appendix A). This allows us to rewrite
Eq. (20) in its final form
5[
iqˆ ·K+ 1
ℓ
]
Lijkl(K, qˆ) =
1
4π
(δik − qˆiqˆk)(δjl − qˆj qˆl) + 3A
8πℓ
(δim − qˆiqˆm)(δjn − qˆj qˆn)
∫
p(qˆ · qˆ′)Lmnkl(K, qˆ′)dqˆ′ (22)
where an implicit summation over m and n is assumed.
This expression takes the form of a radiative transfer
equation (RTE) for the polarization-resolved specific in-
tensity. It differs from the standard vector radiative
transfer equation [26] in the sense that it is not writ-
ten in terms of Stokes vector, but using a fourth-order
tensor representing the specific intensity for polarized
light, and relating two input and two output polarization
components. Nevertheless, the various terms in Eq. (22)
have a very clear physical meaning. The first and sec-
ond terms on the left-hand-side respectively describe the
total variation of specific intensity along direction qˆ and
the extinction of the ballistic light due to scattering (i.e.,
Beer-Lambert’s law). The first and second terms on the
right-hand-side describe the increase of specific intensity
along direction qˆ due to the presence of a source, and
to the light originally propagating along direction qˆ′ and
being scattered along qˆ, respectively.
Conservation of energy requires the scattering losses to
be compensated by the gain due to scattering after inte-
gration over all angles. The energy conservation relation
has to be written on the intensity, i.e. by setting i = j
and summing over polarization components in Eq. (22),
in the form
1
ℓ
∑
i
∫
Liikl(K, qˆ)dqˆ =
3A
8πℓ
×
∑
i,m
∫
(δim − qˆiqˆm)2p(qˆ · qˆ′)Lmmkl(K, qˆ′)dqˆ′dqˆ.
(23)
This leads to the following relation on the coefficient A
3
8π
∑
m
∫
(δim − qˆiqˆm)2p(qˆ · qˆ′)dqˆ = 1i
A
, (24)
where 1i is the unit vector. At this stage, we have ob-
tained a transport equation for polarized light [Eq. (22)]
that takes the form of a RTE. This equation stems di-
rectly from the Dyson and Bethe-Salpeter equations, ful-
fills energy conservation, and is valid for dilute media and
short-range correlated disorder.
III. DIFFUSION OF POLARIZATION
A. P1 approximation
In short-range correlated media, the phase function
p(qˆ·qˆ′) is expected to be quasi-isotropic. It can therefore
be expanded into a Legendre series, which, to order qˆ · qˆ′,
reads
p(qˆ · qˆ′) = 1 + 3g(qˆ · qˆ′), (25)
where g is the anisotropic scattering factor, defined as
g =
1
4π
∫
p(q · qˆ′)qˆ · qˆ′dqˆ, (26)
and satisfying
gqˆ′ =
1
4π
∫
p(q · qˆ′)qˆdqˆ. (27)
Inserting Eq. (25) into Eq. (22), the RTE can be rewritten
as [
iqˆ ·K+ 1
ℓ
]
Lijkl(K, qˆ) =
1
4π
(δik − qˆiqˆk)(δjl − qˆj qˆl)
+
3A
2ℓ
(δim − qˆiqˆm)(δjn − qˆj qˆn)
×
[
L
(0)
mnkl(K) +
3g
4π
jmnkl(K) · qˆ
]
, (28)
where L
(0)
ijkl and jijkl are the (polarization-resolved) ir-
radiance and radiative flux vector, respectively, defined
as
L
(0)
ijkl(K) =
1
4π
∫
Lijkl(K, qˆ)dqˆ, (29)
jijkl(K) =
∫
qˆLijkl(K, qˆ)dqˆ. (30)
To gain insight into the effect of short-range correla-
tions on the propagation of polarized light, it is conve-
nient to investigate the diffusion limit, which is reached
after propagation on distances much larger than the scat-
tering mean free path ℓ. In this limit, the specific inten-
sity becomes quasi-isotropic. Expanding Lijkl into Leg-
endre polynomials Pn to first order in qˆ, we have
Lijkl(K, qˆ) = L
(0)
ijkl(K) +
3
4π
jijkl(K) · qˆ (31)
which is the so-called P1 approximation. Inserting
Eq. (31) into Eq. (28) and calculating the zeroth and
first moments of the resulting equation (which amounts
to performing the integrations
∫ −dqˆ and ∫ −qˆdqˆ, re-
spectively), we eventually arrive to a pair of equations
relating L
(0)
ijkl and jijkl:
6iK · jijkl(K) +
4π
ℓ
L
(0)
ijkl(K) =
2
3
Sijkl +
4π
ℓ
ASijmnL
(0)
mnkl(K), (32)
−4π
3
K2ℓL
(0)
ijkl(K) + iK · jijkl(K) = ig
9A
8π
∫
(δim − qˆiqˆm)(δjn − qˆj qˆn) (jmnkl(K) · qˆ) (K · qˆ) dqˆ. (33)
Here, we have defined
Sijkl =
3
8π
∫
(δik − qˆiqˆk)(δjl − qˆj qˆl)dqˆ, (34)
and used the relations
∫
(δim− qˆiqˆm)(δjn− qˆj qˆn)qˆdqˆ = 0,∫
qˆiqˆjdqˆ = 4π/3δij and
∫
qˆiqˆj qˆkdqˆ = 0. The additional
complexity of the polarization mixing due to structural
correlations can be apprehended from Eq. (33), where
the relation between L
(0)
ijkl and jijkl in terms of input and
output polarization components becomes particularly in-
tricate as soon as g 6= 0. Much deeper insight into the
diffusion of polarized light can be gained via an eigen-
mode decomposition, as shown below.
B. Polarization eigenmodes
Analytical expressions for all terms in the L
(0)
ijkl(K) and
jijkl(K) tensors can be obtained by solving Eqs. (32) and
(33), which we have done imposing K to be along one of
the main spatial directions, without loss of generality,
and using the software Mathematica [48]. The obtained
expressions at this stage are long and complicated, con-
taining in particular high-order terms in powers of K
and g (that are not physical and will be neglected be-
low). We now introduce a polarization-resolved energy
density Uijkl = 6π/cL
(0)
ijkl and decompose it in terms of
“polarization eigenmodes” as in Refs. [36, 39, 40]:
Uijkl(K) =
∑
p
U (p)(K) |ij〉p 〈kl|p . (35)
The eigenvalues U (p) provide the characteristic length
and time scales of the diffusion of each eigenmode and
the projectors |ij〉p 〈kl|p, which will be denoted by “po-
larization eigenchannels”, relate input polarization pairs
(k, l) to output polarization pairs (i, j). The Uijkl is rep-
resented as a 9 × 9 matrix (9 pairs of polarization com-
ponents in input and output) and is diagonalized using
Mathematica, leading again to full analytical expressions.
At this stage, the obtained expressions still depend on
the coefficient A, originally defined in Eq. (21) and used
to ensure energy conservation in the RTE, Eq. (22). To
predict how A depends on structural correlations, we rely
on the particular case of the Henyey-Greenstein (HG)
phase function [49]
pHG(qˆ · qˆ′) = 1− g[
1 + g2 − 2g(qˆ · qˆ′)]3/2 . (36)
The HG phase function is very convenient since it pro-
vides a closed-form expression with g as a single parame-
ter, and approximates the phase functions of a wide range
of disordered media (e.g., interstellar dust clouds, biolog-
ical tissues). The energy conservation equation, Eq. (24),
can be solved analytically in this case, yielding the sur-
prisingly simple relation
AHG =
1
1 + g2/2
. (37)
Note that the modification in energy conservation due to
structural correlations appears at order g2.
We can finally insert Eq. (37) into the eigenvalues and
eigenvectors found from Eq. (35) and develop analytical
expressions valid to orders K2 (diffusion approximation)
and g (weakly correlated disorder). The eigenvectors take
the expressions already obtained for uncorrelated disor-
der [36, 39, 40]
|kl〉1 =
1√
3
δkl,
|kl〉2,3,4 =
1√
2
(δkaδlb − δkbδla),
|kl〉5 =
1√
2
(δkaδla − δkbδlb),
|kl〉6,7,8 =
1√
2
(δkaδlb + δkbδla),
|kl〉9 =
1√
6
(δkaδla + δkbδlb − 2δkcδlc). (38)
The first eigenchannel is the scalar mode, relating uni-
formly pairs of identical polarization components (xx, yy
and zz), which describe the classical intensity, between
themselves. The other eigenchannels either redistribute
nonuniformly the energy between pairs of identical polar-
ization (p = 5 and 9), thereby participating as well in the
propagation of the classical intensity, or are concerned
with pairs of orthogonal polarizations (xy, xz, etc), which
can participate, for instance, in magneto-optical media in
which light polarization can rotate [35, 37, 38].
The eigenvalues take the form of the solution of the
diffusion equation in reciprocal space
U (p)(K) =
1
D(p)K2 + µ(p)a c
, (39)
where D(p) and µ(p)a are the diffusion constant and at-
tenuation coefficient of the pth polarization mode. The
7eigenmode energy densities in real space therefore read
U (p)(R) =
1
4πD(p)R exp
[
− R
ℓ
(p)
eff
]
, (40)
with R = |R| and ℓ(p)eff =
√
D(p)/µ(p)a c, which is an ef-
fective attenuation length, describing the depolarization
process.
Table I summarizes the diffusion constants, attenua-
tion coefficients and effective attenuation lengths of the
different polarization eigenchannels. As in the case of
uncorrelated disorder previously studied in Ref. [40],
all modes exhibit different diffusion constants, thereby
spreading at different speeds, and only the scalar mode
persists at large distances (ℓ
(1)
eff =∞), all other modes be-
ing attenuated on a length scale on the order of a mean
free path.
More interestingly, our study brings new information
on the influence of short-range structural correlations on
transport and depolarization. Let us first remark that
we properly recover the diffusion constant of the scalar
mode, D = cℓ∗/3 with ℓ∗ = ℓ/(1− g) the transport mean
free path, which is a good indication of the validity of the
model. The second and more interesting finding in this
study is the fact that the propagation characteristics of
each polarization mode is affected independently and dif-
ferently by short-range structural correlations. One may
have anticipated that the diffusion constant of each po-
larization mode would be simply rescaled by the (1−g)−1
factor relating scattering and transport mean free paths.
Instead, we show that a transport mean free path can be
defined for each polarization mode, ℓ∗(p) = 3D(p)/c and
its dependence on the anisotropy factor g can change sig-
nificantly, as shown in Fig. 1(a). This, in turn, implies
that the spatial attenuation of each polarization mode
(due to depolarization) is affected differently by struc-
tural correlations, as shown in Fig. 1(b).
IV. DISCUSSION
Previous studies based on the multiple scattering the-
ory for the propagation of polarized light relied on the
direct resolution of the Bethe-Salpeter equation, Eq. (9),
using an expansion of the average Green’s tensors and its
correlation function to order K2 (diffusion approxima-
tion). This strategy is however possible only for uncorre-
lated disorder, for which f(q−q′) = 1. Here, we proposed
an alternative strategy based on the derivation of a trans-
port equation taking the form of an RTE, which allowed
us to reach the same final goal (eigenmode decomposi-
tion) including short-range structural correlations. This
strategy, however, involves an additionnal approximation
that has some implications. To clarify this point, let us
consider our predictions in the limit of an uncorrelated
disorder. Setting g = 0 in the predictions of Table I yields
the values reported in Table II. An alternative straight-
forward derivation from Eqs. (32) and (33), which yields
0
0.5
1
1.5
ℓ/
ℓ∗
(p
)
−0.3 −0.2 −0.1 0 0.1 0.2 0.3
0.8
1
1.2
1.4
g
ℓ/
ℓ(
p) eff
p= 2− 4
p= 5− 9
p= 2− 4
p= 1
p= 5− 9
(a)
(b)
FIG. 1. (Color online only) Evolution of (a) the transport
coefficient, 1/ℓ∗(p), and (b) the attenuation coefficient, 1/ℓ
(p)
eff ,
of polarization eigenmodes with short-range structural corre-
lations. The coefficients are given in units of 1/ℓ and shown
on a restricted range of g since the model is expected to re-
main valid to first order near g = 0. The scalar mode (p = 1,
cyan solid curve) has a transport coefficient scaling as (1− g)
and an attenuation coefficient equal to zero (not shown). The
polarization modes p = 2–4 (gray dashed curves) and p = 5–9
(orange dot-dashed curves) exhibit different slopes, indicating
that both their transport properties are affected differently by
short-range structural correlations.
the same results, is proposed in Appendix C. Compared
to previous results (see, e.g., Ref. 40), we observe that the
eigenvectors, or polarization eigenchannels, remain un-
changed, but the eigenvalues are now 1, 3 and 5-fold de-
generate, yielding the same attenuation coefficients µ
(p)
a
but different diffusion constants D(p). This apparent dis-
crepancy can be explained by the on-shell approximation,
which “smoothes out” the polarization dependence in the
correlation function of Green’s tensor. Nevertheless, it is
important to note that the average diffusion constants
for the various degenerate modes are strictly identical:
1
3
(
6
5
cℓ+ 2
2
5
cℓ
)
= 2
cℓ
3
, (41)
and
1
5
(
2
230
343
cℓ+ 2
130
343
cℓ+
290
1029
cℓ
)
=
10
7
cℓ
3
(42)
This brings us to the conclusion that the model is con-
sistent with the approximations that have been made.
8TABLE I. Summary of the diffusion constants D(p), attenuation coefficients µ
(p)
a and effective attenuation lengths ℓ
(p)
eff charac-
terizing the diffusion properties of the energy density through the individual polarization eigenchannels and the depolarization
process. Note that all quantities are given to order g. Quite remarkably, structural correlations, via the scattering asymmetry
factor g, are found to affect differently and independently each mode.
p 1 2 3,4 5,6 7,8 9
D
(p) (1− g)−1 cℓ
3
(
1
2
−
9
20
g
)−1 cℓ
3
(
1
2
−
3
20
g
)−1 cℓ
3
(
7
10
−
69
100
g
)−1 cℓ
3
(
7
10
−
39
100
g
)−1 cℓ
3
(
7
10
−
29
100
g
)−1 cℓ
3
µ
(p)
a 0
1
ℓ
1
ℓ
3
7ℓ
3
7ℓ
3
7ℓ
ℓ
(p)
eff ∞
(
1− 9
20
g
)−1√ 2
3
ℓ
(
1− 3
20
g
)−1√ 2
3
ℓ
(
1− 69
140
g
)−1 √10
3
ℓ
(
1− 39
140
g
)−1 √10
3
ℓ
(
1− 29
140
g
)−1 √10
3
ℓ
TABLE II. Summary of the diffusion constants D(p), atten-
uation coefficients µ
(p)
a and effective attenuation lengths ℓ
(p)
eff
characterizing the diffusion properties of the energy density
through the individual polarization eigenchannels for an un-
correlated disorder (g = 0).
p 1 2-4 5-9
D
(p) cℓ
3
2 cℓ
3
10
7
cℓ
3
µ
(p)
a 0
1
ℓ
3
7ℓ
ℓ
(p)
eff ∞
√
2
3
ℓ
√
10
3
ℓ
A second point deserving a comment is the fact that
the attenuation length 1/µ
(p)
a of the polarization eigen-
modes does not depend on g to first order, the effect of
short-range structural correlations on the spatial decay of
polarization away from the source being implemented via
the definition of mode-specific transport mean free paths.
This picture contrasts with previous studies based on
the phenomenological transfer matrix approach [32, 33],
which relate the depolarization length ℓp for linearly po-
larized light to the scalar transport mean free path via a
linear relation with g. In this sense, our model provides a
different perspective on this basic problem of light trans-
port in disordered media. Intuitively, this picture also
appears more physically sound, since it is known that
the relation between depolarization and transport mean
free path varies with the incident polarization (linear, cir-
cular) or in presence of magneto-optical effects [35, 37].
Related to this point, it is also important to discuss
the validity of the diffusion limit to retrieve depolariza-
tion coefficients. Reaching the regime of diffusive trans-
port typically requires light to experience several multi-
ple scattering events. However, as pointed out previously
(see, e.g., Ref. 30), this limit can hardly be achieved for
the polarization modes, for which the depolarization oc-
curs on the scale of a mean free path. It is then legitimate
to question the accuracy of the expressions reported in
Table I. Nevertheless, we do not expect this question to
impact our claim that different polarization modes are
individually and differently affected by short-range struc-
tural correlations. Actually, the established RTE for the
polarization-resolved specific intensity, Eq. (22), like the
standard vector radiative transfer equation, does not as-
sume diffusive transport. On this aspect, our study con-
stitutes a very good starting point to investigate the va-
lidity of the diffusion approximation, which may be done
either numerically by solving the RTE by Monte-Carlo
methods, or analytically by adding higher-order Legen-
dre polynomials Pn in the following steps.
Finally, let us remark that the results of our model,
in which disorder is described by a continuous and ran-
domly fluctuating function of position [Eq. (1)], should
apply not only to heterogeneous materials with complex
textitconnected morphologies (e.g., porous media) but
also to random ensembles of finite-size scatterers. In-
deed, the Fourier transform of the structural correlation
f(r − r′) directly leads to the definition of the phase
function p(qˆ · qˆ′) [Eq. (21)], which is the same function
to which one arrives when investigating light scattering
by finite-size scatterers (it is, in this case, defined from
the differential scattering cross-section). For the sake of
broadness of applications and convenience, the final re-
sults here have been given for the HG phase function
[Eq. (36)] but other phase functions (e.g., Mie for spheri-
cal scatterers) may be used to describe specific disordered
media. Note that for ensembles of finite-size scatterers,
the short-range correlation approximation restricts the
validity range of the model to small scatterers.
V. CONCLUSION
To conclude, we have proposed a model based on mul-
tiple scattering theory to describe the propagation of po-
larized light in disordered media exhibiting short-range
structural correlations. Our results assume weak disorder
(k0ℓ ≫ 1), short-range structural correlations (first or-
der in g), and are obtained in the ladder approximation.
Starting from the exact Dyson and Bethe-Salpeter equa-
tions for the average field and the field correlation, we
have derived a RTE for the polarization-resolved specific
intensity [Eq. (22)] and applied the P1 approximation to
investigate the propagation of polarized light in the dif-
fusion limit. Interestingly, we have found that the polar-
ization modes, described so far for uncorrelated disorder
only, are independently and differently affected by short-
range structural correlations. In practice, each mode is
9described by its own transport mean free path, which
does not trivially depend on g (see Table I).
In essence, our study partly unveils the intricate re-
lation between the complex morphology of disordered
media and the polarization properties of the scattered
intensity. The road towards a possible description of
polarization-related mesoscopic phenomena in correlated
disorder is long, yet we hope that the present work,
which highlights several theoretical challenges when deal-
ing with polarized light and structural correlations, will
motivate future investigations. The model may be gen-
eralized, for instance, by including the most-crossed dia-
grams in the derivation to enable the study of phenom-
ena such as weak localization, or frequency dependence
to investigate —via a generalized RTE— the temporal re-
sponse to incident light pulses. Another line of research
could be to study the impact of short-range structural
correlations on spatial coherence properties, which ap-
pears extremely relevant to the optical characterization
of complex nanostructured media [45].
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Appendix A: Average Green’s tensor
The average Green’s tensor 〈G〉 describes the propaga-
tion of the average field in the disordered medium and is
related to the free-space Green’s tensorG0 via the Dyson
equation [1, 2]
〈G(q)〉 = G0(q) +G0(q)Σ(q) 〈G(q)〉 , (A1)
where Σ is the self-energy, which contains the sums over
all multiply scattered events that cannot be factorized
because of the average process. The free-space Green’s
tensor is given by
G0(q) =
[
(k20 − q2)I+ q⊗ q
]−1
(A2)
=
[
k20I− q2P(qˆ)
]−1
,
with P(qˆ) = I− qˆ⊗ qˆ. The average Green’s tensor then
reads
〈G(q)〉 = [I−G0(q)Σ(q)]−1G0(q) (A3)
=
[
k20I− q2P(qˆ)−Σ(q)
]−1
.
By identification between Eq. (A2) and Eq. (A3), one
can define an effective wavevector qeff = k
2
0ǫeff(q), where
ǫeff(q) = I−Σ(q)/k20 is the effective medium permittivity
tensor, yielding
〈G(q)〉 = [q2eff − q2P(qˆ)]−1 . (A4)
In a dilute (3D) medium, interferences between suc-
cessive scattering events can be neglected, and the self-
energy can be calculated keeping only the first term of
the multiple-scattering expansion
Σ(r, r′) ≃ k40 〈δǫ(r)G0(r− r′)δǫ(r′)〉 ,
= uk40f(r− r′)G0(r− r′), (A5)
or in reciprocal space
Σ(q) = uk40
∫
f(q− q′)G0(q′) dq
′
8π3
. (A6)
For a delta-correlated disorder, f(q− q′) = 1, we have
ImΣ(q) = −uk40
q
6π
I. (A7)
The real part of Σ, which is typically very small for dilute
media, is scalar as well. The effective medium permittiv-
ity then becomes a scalar quantity:
ǫeff ≃ 1− ReΣ(q)
k20
− iuk
2
0q
6π
. (A8)
This allows rewriting Eq (A3), after some algebra, as [46]
〈G(q)〉 = 1
k20ǫeff − q2
[
I− q⊗ q
k20ǫeff
]
, (A9)
which is equivalent to Eq. (11).
The coherent (ballistic) intensity in a disordered
medium Icoh = | 〈E〉 |2 decays exponentially following the
Beer-Lambert law
Icoh(z) = Icoh(0) exp [−2k0 Im(neff)z] ,
= Icoh(0) exp [−z/ℓ] , (A10)
with ℓ = (2k0 Im[neff])
−1 the extinction length, neff =√
ǫeff the effective refractive index and z the propagation
direction. Since Im ǫeff ≪ Re ǫeff (i.e. − ImΣ ≪ k20), we
have Im(neff) ≃ − ImΣ/(2k0q), thereby leading to
ImΣ(q) = −q
ℓ
, u =
6π
k40ℓ
. (A11)
For an arbitrary (non-delta) correlated disorder f(q −
q′) 6= 1, Eq. (A5) indicates that Σ should not be a scalar.
Thus, the average Green’s tensor in Eq. (A3) cannot pos-
sibly take the form of Eq. (A9); and Eq. (A11), which
introduces the mean free path ℓ in the RTE [Eq. (22)],
should be corrected. Our results are therefore expected
to be strictly valid only for short-range structural cor-
relations (close to a delta-correlated potential), i.e. for
scattering anisotropy factors g close to 0.
10
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FIG. 2. (Color online only) Evolution of the transport coef-
ficient of the scalar mode, 1/ℓ∗(1), in units of 1/ℓ, with the
scattering anisotropy factor g. We compare the raw predic-
tion obtained from the eigenmode decomposition, Eq. (35),
before the development to order g (solid cyan curve), with
the expected 1− g scaling relation (black dashed curve). Our
theoretical predictions are expected to be valid for short-range
structural correlations, i.e. for g close to zero.
Appendix B: Short-range correlation approximation
As explained above, due to the fact that the self-energy
Σ is assumed to be a scalar quantity in our model, our
theoretical predictions are expected to be valid only for
short-range structural correlations, i.e. for g close to zero.
The validity range of this approximation can be appre-
hended by comparing the raw prediction obtained from
the eigenmode decomposition, Eq. (35), without perform-
ing the development to order g, with predictions from
scalar theory. The eigenmode decomposition for the
scalar mode, in the diffusion approximation (i.e., to order
K2), yields a transport mean free path
ℓ∗(1) =
10 + g(5g − 2)
10 + g(5g − 12)ℓ, (B1)
to be compared with the expected relation, ℓ∗ = ℓ(1 −
g)−1. The two relations are shown in Fig. 2, where it is
found that our prediction remains fairly good for −0.3 .
g . 0.3, hence the range chosen in Fig. 1. Developing the
transport coefficient 1/ℓ∗(1) of Eq. (B1) to order g yields
the proper (1 − g) scaling, as reported in Table I.
Appendix C: Eigenmode decomposition for
uncorrelated disorder
For uncorrelated disorder, the scattering anisotropy
factor g equals zero, such that, from Eq. (33), we im-
mediately obtain
iK · jijkl(K) =
4π
3
K2ℓL
(0)
ijkl(K). (C1)
Inserting it into Eq. (32), we get
4π
3
K2ℓL
(0)
ijkl(K) +
4π
ℓ
L
(0)
ijkl(K)
=
2
3
Sijkl +
4π
ℓ
SijmnL
(0)
mnkl(K). (C2)
Performing an eigenmode decomposition of Sijkl as
Sijkl =
9∑
p=1
S(p) |ij〉(p) 〈kl|(p) , (C3)
and similarly for L
(0)
ijkl = c/(6π)Uijkl, we directly find
that the diffusion of the energy density in each polariza-
tion eigenchannel, U (p), follows the solution of the diffu-
sion equation, Eq. (39), with
D(p) = cℓ
3
1
S(p)
, µ(p)a =
1
ℓ
1− S(p)
S(p)
. (C4)
The eigenvalues of Sijkl are 1, 1/2 and 7/10 with degen-
eracies 1, 3 and 5, respectively, thereby leading to the
values reported in Table II.
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